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Questions

Q1.
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Figure 4

Figure 4 shows a sketch of the curve with equation x? — 2xy + 3y? = 50

dy _y-x
(a) Showthat d&x 3y —x

The curve is used to model the shape of a cycle track with both x and y measured in km.

The points P and Q represent points that are furthest west and furthest east of the origin O,
as shown in Figure 4.

Using part (a),

(b) find the exact coordinates of the point P.

(c) Explain briefly how to find the coordinates of the point that is furthest north of the origin
O. (You do not need to carry out this calculation).

(Total for question = 10 marks)
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Q2.

The curve C has equation

Y tany =09 0<y< =
. . >
(a) Show that
dv  —18x
dr  x* + 81

(b) Prove that C has a point of inflection at x = ¥27

(Total for question = 7 marks)



Implicit Differentiation - Year 2 Core PhysicsAndMathsTutor.com

Qs.

The curve C has equation
px3 + gxy + 3y? = 26
where p and g are constants.

(a) Show that

dy  apx’ +bqy
dx gx+cy

where a, b and ¢ are integers to be found.

Given that
e thepointP(-1,—4)lieson C
e the normal to C at P has equation 19x + 26y + 123 =0

(b) find the value of p and the value of q.

(Total for question = 9 marks)
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Q4.
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Figure 8
Figure 8 shows a sketch of the curve C with equation y = x*, x>0
(a) Find, by firstly taking logarithms, the x coordinate of the turning point of C.

(Solutions based entirely on graphical or numerical methods are not acceptable.)

The point P(a, 2) lies on C.

(b) Showthat1.5<a<1.6

A possible iteration formula that could be used in an attempt to find a is

- = '..-' = 1—.1’"
“n+l —'1':1

Using this formula with x4 = 1.5

(c) find x4 to 3 decimal places,

(d) describe the long-term behaviour of x,

(Total for question = 11 marks)
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Mark Scheme

Q1.
Question Scheme Marks AOs
@ Either 3~ —>;1_1-i or 2xy — P 2y M1 2.1
dx dx
dv dy
2x—-2x—-2y —_—= Al 1.1b
x—2x===2) +6y i 0
{6}‘—21)%=23'—2x M1 21
dv 2y-2x y-x .
dx 6y—2x 3y—x al L1b
)
b ( dy
) At Paninaa::} Deduces that 3y —x =0
\ dx M1 22a
1 5 5 :
Solves y = 3¥ and x~ —2xy+3y" =50 simultaneously M1 3.1a
= x=(£)5J3 OR::,;:(i)%J?T Al 1.1b
Using J':%x:"xz.. AND y=.. dn1 1.1b
r' 5 A
P= —5ﬁ_—§£ ] Al 2.2a
(5
(c) Explains that you need to solve y=x and x - v+ 3}': =350 Bift 54
simultaneously and choose the positive solution -
ey
(10 marks)
Notes:
(a)

N . . - = 2 dy dy
M1: For selecting the appropriate method of differentiating either 3y~ — ;1.1'3 or 2xy —» 2x$+ 2y

L . dy
It may be quite difficult awarding it for the product rule but condone —2xy — —2}:% + 2y unless you

see evidence that they have used the incorrect law v
o dy dy
Al: Fully correct dertvative 2x —2x——=2y+6y—=10
v corT vative FR— A
Allow attempts where candidates write 2xdy —2xdy —2ydx +6ydy =0
dy dy

. dy f . .
but watch for students who write a =2x- E.rd; —2y+6y aTlus. on its own, 15 AQ unless you are
) - -
dy

: . : : dy dy
convinced that this 1s just their notation. Eg a =2x— ,ZJ.'d—J —2y+6y a =0
- x g
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: . dy : . . dy .
M1: For a valid attempt at making d—J;the subject. with two terms o coming from 337 and 2xy

dx
dy o ) dv 2yv—2x
lookfor (.= |)—=_._ Tt lied by — =—
or (- E-) 5 18 TIPHECYY 4 "6y -2x
. dy dy .
This cannot be scored from attempts such as o 2x— E.ra — 2y + 6y which only has one correct term.
Al=: Y _y-x with no errors or onussions.

dr 3y—x
dv  2y-2x

The previous line E =oy—2x

or equivalent must be seen.

(b)
M1: Deduces that 3y —x=0 oe

1
M1: Attempts to find esther the x or y coordmnates of P and Q by solving their y = 3x with

x - Ixp+ 3_1;2 =50 simultaneously. Allow for finding a quadratic equation 1n x or y and solving
to find at least one value for x or y.
This may be awarded when candidates make the numerator =0 ie using v =x

Al: = x=(1)5/3 OR = y:(i)%ﬁ
dM1: Dependent upon the previous M. 1t 1s for finding the v coordinate from their x (or vice versa)

This may also be scored following the numerator being set to 0 1e using y=x

Al: Deduces that P =[ —5\,@,—%«]?71 OE. Allowtobex=. y=.

(©)
Blft: Explains that this 1s where % =0 and so you need to solve y=x and x* —2xp+3y" =50

simultaneously and choose the positive solution (or larger solution).
Allow a follow through for candidates who mix up parts (b) and (c)

Alternatively candidates could complete the square (x‘—}'): +23* =50 and state that y would

reach a maximum value when x =y and choose the positive selution from 23 =50
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Q2.
Question Scheme Marks AOs
@ i tany =9 = 2rtan y+x° sec’ \.i—: =0 D:ll i’i;
Full method to get -2 i terms of x using
dr M1 1.1b
sec’ y=1+tan’ y=1+f(x)
—Ixx—
d 2xx 3 Casx . .
dr ., 81} x*+s81 Al :
| l+— |
1 I )l
“
(h) dy  —l8x
de x*+81
dly  —18x(x*+81)—(-18x)(4x7) 54(x*-27)
o PN Ty 1 08 M1 1.1b
(x* +81) (x*+81) Al L1b
! . d*y
States that when x < 327 = 3 — <0
2
when x=327 = &y =0
T T A Al 24
AND when x> {27 = j:-f >0
2
giving a point of inflection when x = 427
(&)
(7 marks)
Notes:
()

: : S dy dy
M1: Attempts to differentiate tan y implicitly. Eg. tan y — sec’ _l'd—J or cot y — —cosec’ _1'—J

X

dy

9 2
You may well see an attempt tan y =—=sec” y—=_..
x? .

dx
1

1

x

3

When a candidate writes x*tany=9=>x=3tan ? y the mark is scored for tan > y —...tan 2 ysec’ y

Al: Correct differentiation 2xtany +x° sec’ y—=0
1 d ' 18 3 d '
Allow also sec” .1';]= - or 2x=-9cosec y e amongst others
do x dx

M1: Full method to get e in terms of ¥ using sec’ y=1+tan’ y=1+£(x)
X

; dy
Al%: Proceeds correctly to the given answer of =

dy

dy

—18x
de  x"+81
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()
MI1: Attempts to differentiate the given expression using the product or quotient rule.
For example look for a correct attempt at = _:ml with #=—18x.v=x"+8Lu'=+18v' = _x
v

3

tle{x4 +31}t18x(axj}
[:x4 +81]:

If no method 1s seen or implied award for

. -1 2

Using the product rule award for il!i(JriI +81\] tlf.’n'r[_ﬁcjI +81\] ®EX

&y 54(x"-27) &y 54xt 1458

Al: Correct simplified '-i =(—2' o.e. such as '-i =X—2
dx [x4+81} dx [x4+81}

=

d ']
Y o=t =21 xH27

3
2

Alternatively score for showing that when a correct (unsimplified)
dy
Or for substituting x =27 into an unsimplified but correct o and showng that 1t 15 0

Al: Correct explanation with a mumimal conclusion and correct second derivative.

See scheme.
It can be also be argued from X <27, % =27and ¥* > 27 provided the conclusion states that the
pomt of inflection 1s at x =327

; : : . d*y
Alternatively substitutes values of x either side of 427 and at 427, into d—{l, finds all three values and
X

makes a mimimal conclusion.

3 3y £
A different method mvolves finding i—: and showing that % =0 and ‘;xt =Owhen x=427
= 3

dy _ 233X _ 0219 when x=427
dx {x4+81)

Alternative part (a) using arctan

9 dy 1
M1: Sets y=:|rctan—]—>a)={7\zx... where ... could be 1
* 1+ =
A\
d 1 18
A2: y=arctan —>J
9

Al* Y i x—£= _41—8’: showing correct mntermediate step and no errors.
X+
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Q3.
Question Scheme Marks AOs
@ 4 (3) 6y
x ke
or M1 2.1
B (gov)= xd‘v— Y
(o) =ar—+a
- d" d:
3px- +qx?x‘+ q_\.-‘-i-ﬁj'd%_: 0 Al 1.1b
y 2 dy
+Hey)—=—"Tpx —gy—=—=___ I 2.
(gx+6y) . P gy = dM1 1
dy —3px’—qy
_—= Al 1.1b
dx gx+6y
(4
. p(-1)' +g(-1)(~4)+3(~4)" =26 M1 | LIb
19.\:—2-5‘1'+123=0:>m=—E Bl 2.2a
26
-3p(-1) -g(—4) 26 (-1)+6(—4) 19
_.—q{_l=— or {JT__.—]=—— M1 3.la
g(—1)+6(—4) 19 3p(-1) +g(—4) 26
p—4g=22 537p—-102g=624=p=....g=... dM1 1.1b
p=2 g=-> Al 1.1b
(5
(9 marks)
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Notes

(a)
M1: For selecting the appropriate method of differentiating:
Allow this mark for either 3,7 — G‘y% or gxy —» afx%+ By
.

A1l: Fully correct differentiation. Ignore any spurious %’ =

dM1: A valid attempt to make :1—1 the subject with 2 terms only 1n %conﬁng from gxy and 3y°

Depends on the first method mark.
Al: Fully correct expression
®)
M1: Uses x =—1 and y = —4 in the equation of C to obtain an equation in p and ¢
B1: Deduces the correct gradient of the given normal.
This may be mmplied by e.g.
. 19 .. 26
19x+26y+123=0= y= —5e Xt = Tangent equationis y = —x+

M1: Fully correct strategy to establish an equation connecting p and g usingx=—1 and y=—-4 1

their %and the gradient of the normal. E.g. (a) = —1+thei:—% or —1+=(a) = the:':—%
dM1: Solves simultaneously to obtain values for p and ¢g.

Depends on both previous method marks.

Al: Correct values
Note that in (b), attempts to form the equation of the normal in terms of p and g and then
compare coefficients with 19x + 26y + 123 = 0 score no marks. If there is any doubt use
Review.
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Part | Working or answer an examiner might | Mark | Notes
expect to see
(a) |y=rF=hy=xlnx M1 | This mark is for a method to find the
x-coordinate of the turning point of C by
taking logarithms
_ 1dy _ M1 | This mark is given for a method using
fipSxinx= S g ot implicit differentiation
Al | This mark 1s given for a correct
: I dy
expression for — —
V dx
Setting d—l =0, lnx+1=0 M1 | This mark 1s given for a method for
dx finding the turning point of C by setting
dy
—~ =0
dx
x=¢! Al | This mark is given for correctly finding a
value for the x-coordinate of the turning
point of C
(b) | 153%=1837.__16“9=2121_. M1 | This mark 1s given for substituting 1.5
and 1.6 into y = x*
The curve C contains the points (1.5, 1.8) Al | This mark 1s given for a valid explanation
and (1.6,2.1) AtP yv=2 that C' contains the pomts (1.5, 1.8) and
Since C'is contimuous, 1.5 <0< 1.6 {1:6.2.1) end 12 contemons
() |x=15 M1 | This mark 1s grven for finding a correct
x=2x 1505 = 1,633 R
x; =2 % 1633285 =1 466 Al | This mark is given for finding a correct
x3=2 % 1.46670466 = 1 673 value forx,
(d) | For example: Bl | This mark 1s given for a valid statement
v.  oscillates about the long-term behaviour of x,
1s penodic
is non-convergent
between 1 and 2 Bl | This mark 1s grven for stating that the

behaviour 1s between 1 and 2

(Total 11 marks)






